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Abstract

The position and momentum information entropies of D-dimensional quantum
systems with central potentials, such as the isotropic harmonic oscillator and the
hydrogen atom, depend on the entropies of the (hyper)spherical harmonics. In
turn, these entropies are expressed in terms of the entropies of the Gegenbauer
(ultraspherical) polynomials C{*)(x), the parameter A being either an integer
or a half-integer number. Up till now, however, the exact analytical expression
of the entropy of Gegenbauer polynomials of arbitrary degree n has only
been obtained for the particular values of the parameter A = 0, 1,2. Here
we present a novel approach to the evaluation of the information entropy of
Gegenbauer polynomials, which makes use of trigonometric representations
for these polynomials and complex integration techniques. Using this method,
we are able to find the analytical expression of the entropy for arbitrary values
of both n and A € N.

PACS numbers: 03.67.—a, 02.30.Gp
Mathematics Subject Classification: 30E20, 33B10, 33C45, 33F10, 42C05,
81Q99, 94A17

1. Introduction

According to Shannon’s information theory [1], the only rigourous measure of the uncertainty
or lack of information associated with a continuous random variable X with a density function

p(x), x € RP

, is the entropy

H(X) = —fp(x)logp(x)dx. (1)
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In particular, when p (x) is the single-particle probability density for the position of a quantum
system, H(X) is the only rigourous measure of the uncertainty in the localization of the
particle in position space. The momentum entropy H (P) can be defined likewise from the
single-particle density of momentum y (p). In the simplest case of a single-particle system
described in position space by the wavefunction 1/ (x), we have that p(x) = | (x)|> and
v (p) = |¢(p)|?, where the wavefunction in momentum space ¢ (p) is the Fourier transform
of ¥ (x). The sharp inequality [2, 3]

HX)+H(P)> D (1+logn) )

places a nontrivial lower bound on the sum of the uncertainties in position and momentum,
so it provides a quantitative formulation of the position-momentum uncertainty principle.
Using the variational inequality that relates information entropy and standard deviation for an
arbitrary D-dimensional random variable [1, 3],

Ay <2 (141 2m(AA)° 3)

—|(1+log—— ),
S 2 87D

the entropic uncertainty relation (2) leads to the well-known Heisenberg uncertainty relation

D
AXAP > —, (€]
2

which proves the former to be stronger than the latter.

For many important quantum systems, such as D-dimensional harmonic oscillator and
hydrogen atom, the calculation of position and momentum information entropies involves the
evaluation of integrals of the form

b
E(py) = — / (Pn(X))* 1og(pn (X))@ (x) dx, (5)

where {p, (x)} denotes a polynomial sequence (degp, (x) = n) orthogonal on [a, b] C R with
respect to the weight function w (x). During the last decade there has been an intense activity
in the study of these integrals, motivated not only by their relevance to quantum physics but
also by their close relationship to other interesting mathematical objects, such as the L”-norms
or the logarithmic potentials of the polynomials p, (x). A survey on the state of the art in this
field up to year 2001 can be found in [4].

The calculation of the entropic integrals E(p,) is generally a very difficult task, and in
most cases only asymptotic results for large values of n are known [4]. In fact, since all
the zeros of p, are simple and belong to (a, b), when n is not very small even a numerical
computation of E(p,) poses serious difficulties due to the strongly oscillatory behaviour of
the integrand in (5). In this respect it is worth mentioning [5], which presents an efficient
algorithm for the numerical evaluation of E(p,) in the case when the interval (a, b) is finite.

Closed analytical formulae for E(p,) are only known for a few particular cases of the
Gegenbauer or ultraspherical polynomials C*). We recall that these polynomials are defined
as (see, e.g., [6, section 4.7])

(29 PRy -
P (), (©6)
(r+3),

where (a), = I'(a + n)/I'(a) denotes the Pochhammer symbol and

polynomials,
1—x
> ) (N

CH(x) =

PP (x) are Jacobi

(x+1) —n,n+a+p+1
PP (x) = o ~2Fy o+l P
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For A > —%, Gegenbauer polynomials form an orthogonal sequence on the interval [—1, 1]
with respect to the weight function w; (x) = (1 — xz))\‘%,

1 1-23
f CH)CP (x)(1 — x2)" 7 dx = Mam. (8)
-1 (n+)n![C (V)]
The information entropies of Gegenbauer polynomials, on which we focus in the present
paper, are thus given by
1
E(c¥) = - / (CH (x))? log (CH (x))*(1 — x?)*77 dx. )
—1
The integrals E (C,(l”) are especially relevant in the case when A is a non-negative
integer or half-integer number, due to the relationship between the corresponding Gegenbauer
polynomials and (hyper)spherical harmonics. As a consequence, these integrals appear in the
calculation of the angular component of information entropies in both position and momentum
space for any D-dimensional (D > 2) quantum-mechanical system with a central potential,
such as the isotropic harmonic oscillator or the hydrogen atom (radially symmetric Coulomb
potential) [4, 7-9]. They also control the radial component of the information entropy in
momentum space for the D-dimensional hydrogen atom [4, 7, 8].
Instead of using the standard definition of Gegenbauer polynomials, it is often more
convenient to work with the polynomials

1
~ (n+1)n!\?
CHx)=———] CP ), 10
o (X) ( ), ) o (X) (10
which are orthonormal on [—1, 1] with respect to the probability density
. ra+1
W, (x) = #(1 Y (11)

VrT(h+1)

The corresponding entropies,

1
E(CW) = - f [CH )] og [C (0) ] ;. (x) dx, (12)
-1
are related to E(C") by the formula
~ A(2A), CA)(n+A)n!
E(CP) =1 E(CY 1

which readily follows from the previous definitions by taking into account the orthogonality
relation (8).

The simplest particular cases of Gegenbauer polynomials are the Chebyshev polynomials
of the first and second kinds

T(x) = lim %C,?)(x), Uy (x) = C{P (). (14)

For both of these families, information entropies can be computed in a closed analytical form,
the results being [7, 8]

~ 0 if n=0,
ET) = {logZ—l if n#0, (15)
ET,) = ——— (16)

n+1
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In the A = 2 case, it was first proved in [10] that

2 "
E@Z)) — —log (3(11 + 1)) B nn=+2n—1) B 2 anz(é)’ (17
n+3 (n+1D(n+2)(n+3) n+1)3(m+3)37T,,,8)
where
n+2
=, (18)
J@m+ D +3)
and this result was later simplified to [11]
~ 3n+1 3502 =297 — 27 1 3\"*
E(C,(lz)) ~ log n+1) _n n n _ n+ (19)
n+3 m+1)(n+2)(n+3) n+2\n+1

In the same work [11], it was also obtained the following generalization of (17) to arbitrary
integer values of the parameter, A =1 € N:
2-2

E@) = —su—ru Y. (1-8)
j=1

where s,,; and r,,; are known constants depending only on 7 and /, the auxiliary polynomials P
and H are defined from the sequence { Py} (deg P, = k) generated by the recurrence relation

HE) CVE) 0)
P'E) CPE)

P (x) = (21 =2k = 3)xPe(x) — (n+k+ D)(n+20 —k — 1)(1 — x*) Pr_; (x) (21)
from the initial values P_;(x) = 0, Py(x) = 1 through the formulae
2-2
P(x) = Py—(x), H(x) = Z(_I)SPS—I(X)PZI—X—3(x)a (22)
s=0
and&; (j =1,2,...,2] —2) denote the zeros of P. The explicit expression of the polynomial

P was later found to be [12]
-1

(=D m+20 - 1) Z A =0, (),(1/2),
B (n+Dn! A=n—D,A+n+1),up!

P(x) (1 — x>+, (23)
n=0

Regretfully, (20) is not easy to use in practice. Furthermore, it is not a completely
analytical formula save for small values of / since, as we readily see from (23), the zeros &; of
P have to be determined numerically when [ > 6.4

As first pointed out in [13], the entropy of Chebyshev polynomials of the first and second
kinds can be easily computed by the direct calculation of the corresponding integrals by using
the well-known trigonometric representations

sin(n + 1)0
T,(cos0) = cosnéb, U,(cosf) = ————, 24)
sin @
with x = cosf. Motivated by this observation, in the present paper we aim at evaluating the
entropic integral E (C,(l“) for general values of the parameter A using representations of the
same kind for the Gegenbauer polynomials.

We begin by collecting, in section 2, the trigonometric representations of Gegenbauer
polynomials that will be used later on. Our approach is developed in section 3, where we
show that it enables us to find completely analytical expressions for £(C*), in terms of finite
sums, whenever A € N. The new results obtained for the information entropy of Gegenbauer
polynomials of integer parameter are summarized in section 4. Finally, in section 5 some
concluding remarks are given and several open problems are pointed out.

4 Likewise, the general expression of E(C, ,(,A)) given in [9] is not completely analytical save for small values of 7,
since it is expressed in terms of the zeros of C,(,)‘) (x).
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2. Trigonometric representations for Gegenbauer polynomials

The most widely known trigonometric representation of the Gegenbauer polynomials is (see
e.g. [14, p 302])

CP(cos ) = Zd;j)n =2t — Z d\p) cos(n — 2m)e, (25)
where
(W) (A)n—
%, = Suen, @)
m!(n —m)!
Another representation, due to Szegd [6, 15], is
(k) >
CP (cos ) = o Zam sin(n +2v + 1), A>0,1¢N, 27)
where
o 2272 (n +21) o — (I =2 +1), 28)
" FrMCm+Aa+1)° vim+Ar+1),

At first sight, this representation seems to be less useful than the previous one, because it
contains infinitely many terms. Moreover, it is supposed not to hold when A € N. However, it
is not difficult to prove that the validity of (27) extends to the case when A is a positive integer.

Proposition 1. The Szego representation (27) holds true when ). € N. In this case, it reads

) A—1
CP (cos) = ( Ce)n : Zam sin(n +2v + 1)6. (29)
Sln

Proof. If 1 € N then &) = 0 when v > 1, so that (27) reduces to (29). We will prove this
equality by induction on L. When A = 1, (29) is obviously true since it reduces to the second
equation in (24), the well-known trigonometric representation for the Chebyshev polynomials
of the second kind. Now, assume that the result holds for A = m — 1 (m € N). We take
advantage of the following recurrence relation for the Gegenbauer polynomials [6, equation
(4.7.27)]:

nCH(x) = 2r+n— HxC (x) =211 = xH)CH (x), (30)
which in a trigonometric form (x = cos ) can be restated as
1
CP(cosf) = —————[(2r+n — 1) cos 0C% " (cos0) — (n+2)C%; " (cos 0)].

2(A — 1)sin?4
(31)

Using this formula for A = m and substituting (29) on the right-hand side we arrive at
2% (m) m—2 |

C" (cosb) = o nQ)Zm - | cos Z al" )V sin(n +2v +2)6

m—2

Z ") sin(n +2v + 3)9]

V=l

n+2
n+m+1

C(m) m—2 m—2
- (.gm ) sin(n+2v+3)0 + Y o) sin(n +2v + )0
Sm ’ ’

v=0 v=0
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m—2
2(n+2
_2nt2) > oY sin(n +2v + 3)9]

n+m+ 1
m—1
c(m) Z m=1) on=1) _ Ma(m_])
(sm0)2m 1 v 1,n+1 un+1 n+m+1 v—1,n+2
X sin(n + 2v + 1)0, (32)
where in the last step we have used that o'\’ | = 0 and ", = 0 whenever v < 0. A
straightforward calculation shows that
Qgm=D g m=D _ 2n+2) e _ ) (33)
v—1,n+1 vn+1 n+m+1 v—1,n+2 v,n
and (29) is thus proved to hold also for A = m. O

The fact that the sum in (27) terminates after a finite number of terms when A € N
suggests that Szegd’s representation may be useful to evaluate the entropy of Gegenbauer
polynomials of integer parameter. Accordingly, in what follows we shall assume that A € N
unless otherwise indicated.

3. Evaluation of the entropic integral

With the change of variable x = cos 6, the integral (9) takes the form
b
E(C) =— / (CH (cos6) ) Tog (CP (cos6) ) sin 6 d6. (34)
0

Using Szegd’s representation (29) for one of the two Gegenbauer polynomials in
(CH (cos 9))2, (34) can be rewritten as

(C(A) ()») Z a()\) J(?») Jv(i)l n) (35)
v=0
where

T
FAREES / CP (cos 0) cos(n +2v)0 log (C (cos 9))2d9. (36)
' 0

Now, using the standard representation (25) we have that

1
C™ (cos b)) cos(n +2v)0 = 3 ;‘)dm cos2(m +v)0 + — Z ) cos2(n —m +v)8.  (37)
Taking into account the symmetry property d,(*) = d,(,k)m »» Which readily follows from the
explicit expression of the coefficients d*) | the previous equation simplifies to

m,n’

C™Y(cosf) cos(n +2v)0 = Z ) cos2(m + )0, (38)
m=0
so that
A _ (A) W) 2
I3 Z dY f cos 2(m + )8 log (C (cos 6))"dh. (39)

Defining the integrals

A :=/ cos(2mB) log (C* (cos 6))*d8), (40)
0
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from (35) and (39) we find that E(C,(l’\)) is given by

E(CP) = —5¢ 2 A = ) @)

An alternative expression for the entropic integral £(C{") which turns out to be more
convenient in practice can be obtained by noting that

n+l
B(C) = - Wza {mm;”—zd;fnnzsiz”}

m=0 m=1

n
x A (A ) x M) 7 (x A7)
( )Zal()l)l {Z dm)n dm ll‘l)IlE-H)n n+d I( ) dlgr)tlv+n+1n} N (42)
m=1

According to (26), d), = 0 when —A <m < Oorn <m < n + A. Let us restrict initially to

the case when A # 1, so that d(fl), , = 0and d®

1., = 0. This allows us to write the previous
formula in the more compact form

A—1 n+l
MYy — 0») ) () *) )
E(Cn )_ ZZ“ dm n dm ln)1v+mn
v=0 m=0
A—1 n+l+v
Py RYPID] (X) A
= ()ZZ ()dm v,n dmv ln)I(Z't' (43)

v=0 m=v

Using again that d\), = 0 when —A < m < 0 as well as whenn < m < n + A, we can extend
the lower and upper limits in the inner summation to 1 and n + A — 1, respectively, provided
that the terms m = 0 and m = n + A are treated separately. Thus we find that

1 n+i—1
A A ) () (X) (*) A () A 7
E(C) =~ (o218 - o2 a2 3 LI ). "
where
A—1
A s
Buon =D ea(dnn =y, ) (43)
v=0

It can be seen that (44) also holds when A = 1 by noting that in this case its right-hand side
coincides with that of (42).

In order to apply (44), we need to evaluate the integrals I,% with 0 < m < n+A. This
goal can be achieved by means of complex integration techniques, which enable us to obtain
the following result.

Theorem 1. For A € N,

Iy, = 27 log <( )”> (46)
and, whenm > 1,
Q2r—Drm b4 —ou—
I® = + N (,2n+20420 _ 20—20-2 47
mn m 2m)! dZZm log Z (@ < ) . 47
=l
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Proof. Taking into account that C*) (—x) = (—=1)"C* (x), (40) can be written as

m,n

1 2
10— 5 [ cos(2m) log |CP (cos 6)|*d6
0
2
= f cos(2mo) log |C (cos 0) |do
0

2
= / cos(2m0) log [e"? CP (cos 0)|d6, (48)
0

where in the last step the factor " has been introduced for later convenience. Using the
Szegd representation (29) for the Gegenbauer polynomial C*(cos 6), the previous equation
reads

(A) eind A=l

2
I® = /O cos(2m0) log | == Za&i sin(n +2v + 1)6 | d6. (49)

We will compute the integral

m,n 219 v n

2 C(A) eind A-l
Tm — f cos(2m0) log —Z @ sin(n +2v + 1)0 | do, (50)
0 V=0

whose real part equals 1,% Introducing the change of variable z = exp(if), we arrive at

1 Faudr |
W = —,jﬁ log ¢ (z) dz, 51
(TS =T gq(2) (51)

where

—1 (A) (52n420+2v _ 20—2v-2
(z) = 2"CP itz = (M2 AZU 00‘ (2 z )
1) =2t 2 (1 — 221

The singularities of the integrand are z = 0, which is a pole of order 2m + 1, and all the zeros
of ¢(z), which are branch points. If {x, ;}_, denote the zeros of C\*(x), which are known to

be simple, real and located in (—1, 1), then the zeros {z,,. 1}2" , of the function ¢ (z) are

Zn,jsigy = exp(iarccos x, ;) = X, j £ i,/1 —x,%,j, j=12...,n. (33)

This means that the {z,_; }2” , are all located on the unit circle, which can also be seen from
the fact that z = exp(iarccos x) maps (—1, 1) onto the unit circle. Therefore, the integrand
of (51) has 2n branch points located on the contour of integration. To avoid this difficulty we
consider the same integral along the slightly different contour I" (see figure 1), which is also
closed. Note that the logarithmic branches can be chosen to go from the branch points to the
exterior of the unit disk, so that I' does not cross them. Since the only singularity inside I" is
z = 0, we now have

(52)

Z4m +1 Z4m 1
4 T logg(z)dz = 2miRes g logg(z),z=0]). (54)

The integral along I" can be decomposed as

Z4m +1 2n Z4m +1 Z4m +1
) e oga@dz =) | | Tmrrlosq@dzt | Taprlgg@dz). (9)

j=I J Yi
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Figure 1. Integration contour used to avoid the branch points on the unit circle.

where €; denotes the arc of the circumference of radius ¢ that surrounds the branch point z,, ;
and y; denotes the arc on the unit circle that connects €; and €, (y2, connects €, and €;).
Parameterizing z = z,, ; + & e’ we find that

/z“’”+11 ©)d (zn,j +e€)¥m+1
0gq(z)dz = -
Z2m+l g & (Zn,j +¢ e19)2m+l

logq(z, ; +ee”)ice’ do — 0, (56)
e—

where we have used that x logx — 0 as x — 0. Thus, taking the limit ¢ — 0 in (55), we
conclude that

Z4m +1 Z4m +1
— - ogq(z)dz = @ ———logq(z) dz. (57)
lz=1 Z r z

Taking into account that the residue of a meromorphic function /(z) in a pole zo of order
2m + 1 is given by

2m
Res(h(z),z = 20) = —— —20)""*'h : 58
es(h(z), z = 20) 2l dz2 ((z — z0) (2)) . (38)
use of (54) and (57) into (51) leads to
d2m
- T 1)1 59
= )yl dg [(z )logq(z)] i (59)
In the case m = 0, the previous equation reduces to
13 = 27 log (0) = 2m log (¢ 2% 2 (=)™ '™, ), (60)
so that
Mn
1) =27 log [cP2% 24| || = 27 log <( ) ) , (61)
' ' n!

which proves the first part of the theorem>. On the other hand, if m > 1 then we readily see
from (59) that Z\}), € R, so I} = Z{"). Furthermore, in this case the factor (z*" + 1) on

m,n

5 This part can also be proved using the mean value theorem for harmonic functions (cf [7, section VI]).
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the right-hand side of (59) can be omitted, since at z = 0 its value equals unity while all its
derivatives do vanish. We thus find that

I(A) B T d2m | ZU 0 (A) (Z2n+2k+2v _ Z2)L—2\;—2) 0
man T ()l dz2m 08 (1 — 2221 , (62)
z=0
and (47) follows on noting that
2m d2m 00 22k (2m)!
g leed =) =g =27l = 63
q e =)| = ( 2.7 T (63)
when m # 0. g -

The fact that the Szegd representation (29) has a finite number of terms plays an essential
role in the proof of theorem 1. Although we are mainly interested in evaluating the integrals
I when A € N, itis worth pointing out that these integrals can be calculated in a similar way
for all possible values of A, provided that we use the standard trigonometric representation
(25) instead of the Szegd representation for the Gegenbauer polynomial inside the logarithm.
This generalization is contained in the next theorem.

Theorem 2. For A € R, A > ——,
Iy, =2 10g<( )"> (64)

and, whenm > 1,

) T () _2n—2j
19 = oo Zw a1 (65)

z=0

Proof. We proceed as in the proof of theorem 1, but now we use the complex form of the
standard trigonometric representation (25) for the Gegenbauer polynomial C*) (cos #) in (48).
Thus we arrive at

d2m
10— T am 1] d(x) 2n—2j ’ 66
mn = Gmytazn | @ T Dls X_; " ©o
z=0
from which (64) and (65) readily follow. O

In order to carry out the sums in (44), the next step is to obtain closed formulae for the
derivatives I} with 1 < m < n+ . Despite its greater generality, theorem 2 turns out to
be less useful than theorem 1, because (47) expresses the integrals in terms of the logarithm
of a polynomial that has 2 terms, while in (65) they are given in terms of the logarithm of
a polynomial with n + 1 terms. As we shall see, the difficulty in obtaining a closed formula
for the derivatives of such functions increases with the number of terms in the polynomial.
Therefore, if we want an expression of 1) for a fixed value of A and any n € N theorem 1 is
more helpful, particularly for small values of A.

In the case A = 1 we readily note from (47) that, if | < m < n+ 1, then

b4 T d
I(]) — 1 1 _ 2n+2
mn =t @t g 8T
T T d2m o Z(2n+2)k
= —+ —
k=1 z=0

=T (l - 8m,n+1> . (67)
m
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When A > 2, the polynomial inside the logarithm has more terms and the above trick does not
work. However, we can obtain closed formulae for the derivatives in (47) by means of Faa di
Bruno’s formula for the derivatives of the composition of two functions, which states that (see
e.g. [16])

4qr m )
f (g(m 'Zf(k)(g(z)) 3 ]"[[g @1 (68)

DKk
Kikasoosk =1 (DY
where the inner summation is extended over all partitions satisfying
ki +ky+---+k, =k, ki +2ky + -+ -+ mk,, = m. (69)

This formula enables us to find explicit expressions for 1) with A > 2, as stated in the
following two propositions.

Proposition 2. In the case . =2, when 1 <m < n+2,

+3V" +3

m n+1 +1

Proof. In this case, application of Faa di Bruno’s formula (68) to the derivatives in (47) gives6

2m
dk
) @) (nws2r _ 22 —om S L
<0gg ai?(z ) . (2m) 1?:1 dzk(ogz) L

e (224 Zz—zu))’Z O]k/

[ (
dz/ v=0 “v,n —
< 2 Il GO, : (71)

kl,kz ~~~~~ k2m j:]

On the one hand, for k > 1

dk (—D* 1k — 1)
d—zk(log 7) = z—" (72)
so that
dk (k—1)!
—(logz) =——F. (73)
k k
e T )

On the other hand, all the derivatives of the polynomial in (71) vanish at z = 0 except when
j=2and j =2n+4,sowemustsetk; =0if j # 2 and j # 2n + 4. Conditions (69) then
read

k2 + k2n+4 =k, 2k2 + (2}1 + 4)k2n+4 =2m. (74)

Since k, and ky,+4 are non-negative integers, these equations only admit the solution
kopsa = 0,k = k = m when m < n + 1, while in the case m = n + 2 we have to add
the solution kp,+4 = k = 1, k = 0 to the previous one. Therefore, (71) simplifies to

dxm 1 oz(()Z) m o«
(2) (2n+4+2v _ _2-2v _ - n n

pE (ogZa (z z )) = —@2m)! [m< m) ] sm,m}, (75)
z=0 n n

and the result follows using the second equation in (28). ]

© Note that attending to (69) k = 0 corresponds to m = 0, so we can start the sum in & from 1.
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Proposition 3. Forany . e N, L > 3, when 1 <m < n+A4,
*)

21— l)n o
Il‘f‘l}Ll)’L = (A)n 8m,n+k
m Ol)\ 1,n
Q® " m /A /0D (@® )2 k
A=3.n r—2.n
A(ZE)EEr ey (5] w
Y2/ k=1 ke=0 k=0 Kag—1)=0 r—1.n% =30
(k—1)!
x =3 | =3 |
(2]( —m+ erl rk2,+4).(m —k— ZS:] (s + 1)k25+4).
=1 o) 0y vi—2\k
% 1—[ 1 a)L 1—j, n(aA 211) (76)
L (ko) (@) ’
j=3 A=3.n
where in the upper limits of the summations over ke, ks, . . ., ka—1) the square brackets denote

the integer part of the expression within.
In particular, in the case A = 3, when 1 <m <n+3,

5 _ 15 o rouy] 2 BV ES)
I, = m[5 2R(f )" -7 ntDn+2) Om.n+3s (77

where

_ (n+ D +5)+iv/3(n+ 1)(n+5)
fm = (n+ D(n+2) ' (78)

Proof. In the general case (A € N, A > 3), application of Faa di Bruno’s formula (68) to the
derivatives in (47) and use of (72) lead to

d2m A—1
dzzm lOg Za‘(ﬁz (Z2n+2k+2v _ ZZA*ZV*Z)

v=0

=0
d/ Z/\ la(k)z2n+2k+2v)|2=0]k.f

- D!
— (2m)! Z ) Z l_[ (kK

k=1 (aA ln) ki ka,s.okoy j=1

df ()L) 2A—2v-2

ey U0y [ECEGE I g,
- * E] :
k= 1( i)m) kika .o j=1 (JDY k!

In the first term of the right-hand side all derivatives vanish at z = 0 except when j = 2n+24,

so that k; = O whenever j # 2n + 2A and conditions (69) simplify to
koni2s. =k, (2n + 20 kaps2), = 2m, (80)
which only admit the solution ky,4+2; = k = 1 when m = n + A. In the second term the

derivatives that do not vanish are those with j even, 2 < j < 2A — 2, so that conditions (69)
now read

A—1

A—1
> ko =k, > ska =m. (81)
=1

s=1

()»)

Equation (79) thus reduces to
=—2n+20)!——
7=0 aA 1,n

(log Za()\) (22n+2k+2v _ ZZAZVZ))
() )k2/

2 '2"1 (k_l)' Aljn Ry
—( m),z—()h) Z 1_[ (ko)) . (32)

3
k=1 (aA—1,11) ko Kan.okogoy j=1

()‘1) 6m.n+A
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Finally, we can further simplify the previous expression to obtain (76) by using conditions
(81) to write k; and k4 in terms of the remaining indices, i.e.

kg=k6+2k3+~-~+()»—3)k2(,\,1)+2k—m,
ky = —2kg — 3kg — - - - —()\—2)/{2(1_1)+m — k.

(83)

Note that in (76) conditions (81) are guaranteed to hold because for the values of the indices
that do not fulfill them we get the inverse of the factorial of a negative integer, which can be
considered to be zero. We have changed the upper limit in the sum over k from 2m to m,
because when m + 1 < k < 2m conditions (81) are not fulfilled.

In the case A = 3, (76) reduces to

G\ m 32 \F 3)
5 o, k—1)! o o

A Y I O LSS (1 B P91

’ m al,n k=1 (2k - m)'(m o k)' O52,nOl(),n aZ,n
so we need to evaluate a sum of the form

m k— 1) m—1 —_i_n . m—1 . —1yj
Z ( ) xk = Z Mxm—] R Z m . J & (85)
pa 2k —m)!(m — k)! pard Jjlm —2j)! prd J m-—j

Using the summation formula [17, equation (5.75)]

m—1 . m m
Z<mf,> m Zj:<1+«/1+4z> +(1—«/1+4Z) 56)

pars J m—j 2 2

and the second equation in (28), we find that

Smomw n+4)(n+5)
1(3) = - " * " - (Sm n+3» 87
= T O M = e ey (87)
which is equivalent to (77). O

4. Results for the information entropy

Equations (46), (67), (70) and (77) enable us to derive closed analytical formulae for £ (C,(,” )
when A = 1, 2, 3. For A = 1, after substitution of the corresponding values of the constants
di,, ) and o) (see (26) and (28)), (44) reduces to

m,n’
1
E(C") = =5 (g0 = 1,1, (88)
which using (46) and (67) immediately leads to
1
E(CV) = E(U,) = = —1). 89
( " ) (Un) 2 \n+1 (89)

When A = 2, (44) takes the form
1 n+l
E(C?) = -3 ((n + D+ — (n+ DI, —4 Z mlrf;) . (90)
m=1

so using (46) and (70) together with the well-known formula for the sum of a geometric series,

me _ x(1 —x”)’ o1
m=1

1—x
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we find that
@y_ _T
E(Cn ) =3 <2(n +1D)(n+3)logn+1)+

n3 —5n% —29n — 27 (n+3)"3
n+2 (n+2)(n+1)”+1)'
92)
Recalling (13), (89) and (92) are readily shown to be equivalent to (16) and (19), respectively.
In the case A = 3, (44) can be rewritten as

1
E(C?) = — % |:(n +1)(n+2)(n+ ) (n+5)I5)
n+2
—(m+ D’ +2%13, — 12 Z mn®+6n+7— 2m2)1,§1%31}. (93)
m=1

Substituting (46) and (77) into the above expression, we encounter again the geometric sum,
as well as a sum of the form ), m?x™. Using (91) and the summation formula [18, equation
(5.14.9)]

§ _x(1+x) —x"[(n+1)* — 2n* +2n — D)x +n°x?]

Z m>x" 1= ) 94)

m=1
after a tedious but straightforward calculation we arrive at the following closed analytical
formula for E(C¥), which is a new result:

us n+1)(n+2)
E(CY) = — % {2(;1 +D(n+2)(n+4(n+5)log (f)
.\ n® — 16n* — 26913 — 1200n% — 21021 — 1250

n+3

. 2(n +5)32 0 ((n+1)(n+5)+i«/3(n+1)(n+5) Gk
n+2)(n+3)° n+ D +2) )

« (2n2+13n+14—i(n+1)(n+6),/(n+1)3ﬂ)i|}. 95)

When 1 > 4, combination of (44) and (76) provides an expression for the entropy E (C{")
in terms of finite sums. For the sake of brevity, in (44) it is convenient to absorb the term

corresponding to Irfi)x,n into the sum over m by setting

> . ) (A
IBn+A,n T _ak—l,ndn,n (96)
instead of using (45) with m = n + A, which would give for :8;1(11))\,}1 the value _Olyl)l,ndr(z/,\rz +

aPd™  We thus have that

0,n%n+A,n
n+h (1)
x oo )y 0,0 () @ 0 B,
E(C} >)=_§cg>{zao,nd0,nlog (7 +%,nd,§,;+(2x—1)2‘1 Zl
f—

n+h m [m/3][m/4] [m/(—1)] (2) n (2) 2 \K
23030 b o Sl ER R
m,n a()») a(?») O!()n)
m=1 k=1 k=0 kg=0 ka—1)=0 r—2.n A—1,n"A=3.n
(k —1)!
“(k D rkayes)! k=020 (s + Dkogea)!
(2k —m+ 37775 rharea) (m — k — 32077 (5 + Dkagea)!

3 ) 0y \i—2\k
ST (_a“,-,n(au,n)’ ) . ©7)

j=a (K2i)! (e525,)"
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Table 1. Exact and numerical values of the entropy E (C,(,4>) forl <n < 15.

n Exact value Numerical value
1 —Trlog®)+ i2n —13.685
2 1°5n log(10) + 3807717 —88.862
3 Brlog20)+ B —338.714
4 ‘775 7 log(35) + BRI —983.613
5 3857Tlog(56) + LI355685 7 —2404.173
6 —3%0 mlog(84) + AN 7 —5206.005
7 —ﬁ 7 log(120) — LOTISER28] —10296.556
8 7‘07* 7 log(165) — HJTIICIRTIELL —18974.368
9 —19257 log(220) — 12035 —33031.075
10 —12155 7 10g(286) — 3232913396001493132%5 —54866.421
11 46417 log(364) — 3LABAAIBEIALABT O3B o —87616.538
12 -HOS 1 iog(ess) - BEEMACTHETII 5 135295739
13 —9975 7 log(560) — TSSO L3S 7 —202952.031
4 - % 7 log(680) — 361253313;33%9?2%825%639312235%33035193 1%618 %7685 T —296836.555
5 196357 log(816) — LRRECHISTMUAS 1 _424587.139

Unlike (20), (97) is completely analytical for all A € N, which makes it suitable for symbolic
computation. For instance, a Maple implementation of the formula enabled us to obtain the
closed analytical expressions for E (C ,(,4)) and FE (C ,55)), with 1 < n < 15, that are displayed in
tables 1 and 2, respectively. In these tables we also provide numerical values of the entropies
obtained from the exact ones, in order that the interested reader can compare them with those
given by numerical algorithms such as that in [5].

5. Summary and conclusions

The problem of obtaining closed analytical formulae for the entropy of orthogonal polynomials
is known to be very difficult, as displayed by the fact that in previous work on the
subject formulae of this kind were only found for the Gegenbauer polynomials of parameter
A = 0,1,2. Here we have presented a new approach to the calculation of the entropy
of Gegenbauer polynomials, based on the use of trigonometric representations for these
polynomials, which has allowed us to explicitly evaluate the entropic integrals by means of
complex analysis techniques. Using this method we have been able to derive in a unified
way closed formulae of E (C ,E’\) ) for A = 1, 2, 3, the last one being new. Furthermore, when
A =4, A € N, we have obtained completely analytical expressions of the entropy in terms of
finite sums, which easily provide exact values for the entropy using symbolic computation.
The growing complexity in the formulae of E(C(") as A increases serves as a clear illustration
of the difficulties posed by the calculation of the entropy of orthogonal polynomials.

When the parameter A is not a positive integer, the Szegod representation (27) of the
Gegenbauer polynomial C*) has infinitely many terms, so the same happens for expressions
(35) and (41) of the entropic integral £(C{™). It remains open the problem of studying
the convergence behaviour of these series, as well as that of summing up them analytically.
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Table 2. Exact and numerical values of the entropy E (C,(,5>) for1 <n < 15.

n Exact value Numerical value
1 =3B rlogd)+ 1oy —17.839
9 _% 7 log(15) + 25726285549;225 - —147.857
B a9+ SRR - 68499
4 -3 mlog(70) + Tgasses 7 —2457.981
S S riop126)+ SHEES « 7150909
6 3355 710g(210) + H8IL5 —18162.369
7 =05 7 log(330) + RBANITIIIE05 —41620.201
B -2 oy + SRR - 8754072
0 S rog(71s) + B LID R £ 173958634
10 2 oy 1001) + TGRS 32571522
11— %R 7 1og(1365) + 2R wirs sireor —582478.486
12 —ZBID 710g(1820) + 10880005511 283085 7 —1000899.539
13 - ogasen) - B 1661590212
o S g0 - RSETSARS  —2676220.40
15 -S4 iop 76 - SRS« —a19061189

It would be of particular interest to obtain exact analytical expressions for the entropy of
Gegenbauer polynomials of half-integer parameter since, as already mentioned in section 1,
they are needed together with those of the integer case in order to evaluate the information
entropy of spherical and hyperspherical harmonics. Finally, it would also be desirable to
extend the method introduced in this paper to other families of orthogonal polynomials having
trigonometric representations, a line of research that is currently being developed.
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